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Abstract
Inspired by the new measurements on B− → η(′)ℓν¯ℓ from the BaBar Collaboration, we examine
the constraint on the flavor-singlet mechanism, proposed to understand the large branching ratios
for B → η′K decays. Based on the mechanism, we study the decays of B¯d,s → η(′)ℓ+ℓ− and find
that they are sensitive to the flavor-singlet effects. In particular, we show that the decay branching
ratios of B¯d,s → η′ℓ+ℓ− can be as large as O(10−8) and O(10−6), respectively.
∗ Email: physchen@mail.ncku.edu.tw
† Email: geng@phys.nthu.edu.tw
1
Until now, the unexpected large branching ratios (BRs) for the decays B → η′K are still
mysterious phenomena among the enormous measured exclusive B decays at B factories
[1, 2]. One of the most promising mechanisms to understand the anomaly is to introduce a
flavor-singlet state, produced by the two-gluon emitted from the light quarks in η(′) [3, 4].
In this mechanism, the form factors in the B → η(′) transitions receive leading power correc-
tions. Consequently, the authors in Ref. [5] have studied the implication on the semileptonic
decays of B¯ → Pℓνℓ with P = η(′) and ℓ = e, µ. In particular, they find that the decay
BRs of the η′ modes can be enhanced by one order of magnitude. Recently, the BaBar
Collaboration [6] has measured the semileptonic decays with the data as follows:
BR(B+ → ηℓ+νℓ) = (0.84± 0.27± 0.21)× 10−4 < 1.4× 10−4(90% C.L.) ,
BR(B+ → η′ℓ+νℓ) = (0.33± 0.60± 0.30)× 10−4 < 1.3× 10−4(90% C.L.) . (1)
Although the measurements in Eq. (1) are only 2.55σ and 0.95σ significances, respectively,
it is important to examine if they give some constraints on the form factors due to the
flavor-singlet state in the decays of B¯ → η(′)ℓν¯ℓ. It should be also interesting to investi-
gate the implication of the measurements in Eq. (1) by concentrating on the flavor-singlet
contributions on the flavor changing neutral current (FCNC) decays of B¯d,s → η(′)ℓ+ℓ−.
We start by writing the effective Hamiltonians for B− → η(′)ℓνℓ and B¯ → η(′)ℓ+ℓ− at
quark level in the SM as
HI = GFVub√
2
u¯γµ(1− γ5)b ℓ¯γµ(1− γ5)νℓ , (2)
HII = GFαemλ
q′
t√
2π
[
H1µL
µ +H2µL
5µ
]
, (3)
respectively, with
H1µ = C
eff
9 (µ)q¯
′γµPLb − 2mb
q2
C7(µ)q¯
′iσµνq
νPRb ,
H2µ = C10q¯
′γµPLb ,
Lµ = ℓ¯γµℓ , L5µ = ℓ¯γµγ5ℓ , (4)
where αem is the fine structure constant, λ
q′
t = VtbV
∗
tq′ , mb is the current b-quark mass, q
is the momentum transfer, PL(R) = (1 ∓ γ5)/2 and Ci are the Wilson coefficients (WCs)
with their explicit expressions given in Ref. [7]. In particular, Ceff9 , which contains the
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contribution from the on-shell charm-loop, is given by [7]
Ceff9 (µ) = C9(µ) + (3C1 (µ) + C2 (µ))h (z, s
′) ,
h(z, s′) = −8
9
ln
mb
µ
− 8
9
ln z +
8
27
+
4
9
x− 2
9
(2 + x)|1− x|1/2
×


ln
∣∣∣√1−x+1√
1−x−1
∣∣∣− i π, for x ≡ 4z2/s′ < 1 ,
2 arctan 1√
x−1 , for x ≡ 4z2/s′ > 1 ,
(5)
where h(z, s′) describes the one-loop matrix elements of operators O1 = s¯αγ
µPLbβ c¯βγµPLcα
and O2 = s¯γ
µPLb c¯γµPLc [7] with z = mc/mb and s
′ = q2/m2b . Here, we have ignored the
resonant contributions [8, 9] as they are irrelevant to our analysis. In Table I, we show the
values of dominant WCs at µ = 4.4 GeV in the next-to-leading-logarithmic (NLL). We note
that since the value of |h(z, s′)| is less than 2, the influence of the charm-loop is much less
than C9,10 which are dominated by the top-quark contributions.
TABLE I: WCs at µ = 4.4 GeV in the NLL order.
C1 C2 C7 C9 C10
−0.226 1.096 −0.305 4.344 −4.599
To study the exclusive semileptonic decays, the hadronic QCD effects for the B¯ → P
transitions are parametrized by
〈P (pP )|q¯′γµb|B¯(pB)〉 = fP+ (q2)
(
P µ − P · q
q2
qµ
)
+ fP0 (q
2)
P · q
q2
qµ ,
〈P (pP )|q¯′iσµνqνb|B¯(pB)〉 = f
P
T (q
2)
mB +mP
[
P · q qµ − q2Pµ
]
, (6)
with Pµ = (pB + pP )µ and qµ = (pB − pP )µ. Consequently, the transition amplitudes
associated with the interactions in Eqs. (2) and (3) can be written as
MI =
√
2GFVub
π
fP+ (q
2)ℓ¯ 6 pP ℓ , (7)
MII = GFαemλ
q′
t√
2π
[
m˜97ℓ¯ 6 pP ℓ+ m˜10ℓ¯ 6 pPγ5ℓ
]
, (8)
for B¯ → Pℓν¯ℓ and B¯ → Pℓ+ℓ−, respectively, with
m˜97 = C
eff
9 f
P
+ (q
2) +
2mb
mB +mP
C7f
P
T (q
2) , m˜10 = C10f
P
+ (q
2) . (9)
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Since we concentrate on the productions of the light leptons, we have neglected the terms
explicitly related to mℓ. By choosing the coordinates for various particles:
q = (
√
q2, 0, 0, 0), pB = (EB, 0, 0, |~pP |),
pP = (EP , 0, 0, |~pP |), pℓ = Eℓ(1, sin θℓ, 0, cos θℓ) , (10)
where EP = (m
2
B − q2 − m2P )/(2
√
q2), |~pP | =
√
E2P −m2P and θℓ is the polar angle, the
differential decay rates for B− → Pℓν¯ℓ and B¯d → Pℓ+ℓ− as functions of q2 are given by
dΓI
dq2
=
G2F |Vub|2m3B
3 · 26π3
√
(1− s+ mˆ2P )2 − 4mˆ2P
(
fP+ (q
2)PˆP
)2
, (11)
dΓII
dq2
=
G2Fα
2
emm
3
B
3 · 29π5 |λ
q′
t |2
√
(1− s+ mˆ2P )2 − 4mˆ2P Pˆ 2P
(|m˜97|2 + |m˜10|2) , (12)
respectively, with PˆP = 2
√
s|~pP |/mB =
√
(1− s− mˆ2P )2 − 4smˆ2P , mˆP = mP/mB and s =
q2/m2B.
To discuss the P = η(′) modes, we employ the quark-flavor scheme to describe the states
η and η′, expressed by [10, 11]

 η
η′

 =

 cos φ − sin φ
sinφ cosφ



 ηq
ηs

 (13)
with ηq = (uu¯+ dd¯)/
√
2, ηs = ss¯ and φ = 39.3
◦ ± 1.0◦. Based on this scheme, it is found
that the form factors in Eq. (6) at q2 = 0 with the flavor-singlet contributions are given by
[4]
f ηi (0) =
cosφ√
2
fq
fπ
fπi (0) +
1√
3
(√
2 cosφ
fq
fπ
− sinφfs
fπ
)
f singi (0) ,
f η
′
i (0) =
sin φ√
2
fq
fπ
fπi (0) +
1√
3
(√
2 sinφ
fq
fπ
+ cosφ
fs
fπ
)
f singi (0) , (14)
where i = +, T , fq = (1.07 ± 0.02)fπ, fs = (1.34 ± 0.06)fπ [11] and f singi (0) denote the
unknown transition form factors in the flavor-singlet mechanism. We note that the flavor-
singlet contributions to B¯ → η(′) have also been considered in the soft collinear effective
theory [12]. For the q2-dependence form factors fπ+(T )(q
2), we quote the results calculated
by the light-cone sum rules (LCSR) [13], given by
fπ+(T )(q
2) =
fπ+(T )(0)
(1− q2/m2B∗)(1− α+(T )q2/m2B∗)
(15)
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with fπ+(T )(0) = 0.27, α+(T ) = 0.52(0.84) and mB∗ = 5.32 GeV. Since f
sing
+,T (q
2) are unknown,
as usual, we parametrize them to be [5]
f sing+(T )(q
2) =
f sing+(T )(0)
(1− q2/m2B∗)(1− β+(T )q2/m2B∗)
(16)
with β+(T ) being the free parameters. We will demonstrate that the BRs for the semileptonic
decays are not sensitive to the values of β+(T ), but those of f
sing
+(T )(0). Moreover, based on the
result of fπ+(0) ∼ fπT (0) in the large energy effective theory (LEET) [14], we may relate the
singlet form factors of f sing+ (0) and f
sing
T (0). Explicitly, we assume that f
sing
T (0) ∼ f sing+ (0).
Note that this assumption will not make a large deviation from the real case since the effects
of fPT (q
2) on the dilepton decays are small due to C9 >> C7 in Eq. (9). Hence, the value of
f sing+ (0) could be constrained by the decays B¯ → η(′)ℓν¯ℓ.
Before studying the effects of f sing+ (q
2) on the BRs of semileptonic decays, we examine
the β+ dependence on the BRs. By taking |Vub| = 3.67 × 10−3 and Eqs. (11) and (16), in
Table II, we present BR(B− → η(′)ℓν¯ℓ) and BR(Bd → η(′)ℓ+ℓ−) with f sing+ (0) = 0.2 and
various values of β+. From the table, we see clearly that the errors of BRs induced by the
errors of 60% in β+ are less than 7% and 14% for the η and η
′ modes, respectively. Hence,
it is a good approximation to take the q2 dependence for f sing+ (q
2) to be the same as fπ+(q
2).
Consequently, the essential effect on the BRs for semileptonic decays is the value of f sing+ (0).
With |Vtd| = 8.1 × 10−3 [15] and Eqs. (11) and (12), the decay BRs of B− → η(′)ℓν¯ℓ and
TABLE II: BRs of B− → η(′)ℓν¯ℓ ( in units of 10−4) and B¯d → η(′)ℓ+ℓ− ( in units of 10−7) with
f
sing
+ (0) = 0.2 and β+ = 0.2, 0.4, 0.5, 0.6 and 0.8, respectively.
β+ B
− → ηℓν¯ℓ B− → η′ℓν¯ℓ B¯d → ηℓ+ℓ− B¯d → η′ℓ+ℓ−
0.2 0.61 1.37 0.080 0.190
0.4 0.62 1.46 0.082 0.204
0.5 0.63 1.52 0.083 0.211
0.6 0.64 1.58 0.085 0.220
0.8 0.67 1.73 0.088 0.242
B¯d → η(′)ℓ+ℓ− as functions of f sing+ (0) are shown in Fig. 1. In Table III, we also explicitly
display the BRs with f sing+ (0) = 0, 0.1 and 0.2. From Table III, we find that without the
flavor-singlet effects, the result for BR(B− → ηℓν¯ℓ) is a factor of 2 smaller than the central
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FIG. 1: BRs of (a)[(b)] B− → η[′]ℓν¯ℓ (in units of 10−4) and (c)[(d)] B¯d → η[′]ℓ+ℓ− (in units of
10−7) as functions of f sing+ (0), where the horizontal solid and dashed lines in (a) denote the central
and upper and lower values of the current data at 90% C.L., while the dashed line in (b) is the
upper limit of the data.
TABLE III: BRs of B− → η(′)ℓν¯ℓ ( in units of 10−4) and B¯d → η(′)ℓ+ℓ− ( in units of 10−7) with
φ = 39.3◦ and f sing+ (0) = 0.0, 0.1 and 0.2.
f
sing
+ (0) B
− → ηℓν¯ℓ B− → η′ℓν¯ℓ B¯d → ηℓ+ℓ− B¯d → η′ℓ+ℓ−
0.0 0.41 0.20 0.06 0.03
0.1 0.52 0.71 0.07 0.10
0.2 0.63 1.53 0.08 0.21
value of the BaBar data in Eq. (1). Clearly, if the data shows a correct tendency, it indicates
that there exist some mechanisms, such as the one with the flavor-singlet state, to enhance
the decay of B¯ → η as illustrated in Table III. Moreover, as shown in Fig. 1b and Table III,
the decays of B− → η′ℓνℓ are very sensitive to f sing+ (0). In particular, the current data has
constrained that
f sing+ (0) ≤ 0.2. (17)
It is interesting to note that for f sing+ (0) = 0.2, BR(B¯d → η′ℓ+ℓ−) = 0.21× 10−7, which is as
6
large as BR(B− → π−ℓ+ℓ−), while that of B¯d → ηℓ+ℓ− is slightly enhanced. In addition, it
is easy to see that the flavor-singlet contributions could result in the BRs of the η′ modes
to be over than those of the η ones.
Our investigation of the flavor-singlet effects can be extended to the dileptonic decays of
B¯s → η(′)ℓ+ℓ− [16]. In the following, we use the notation with a tilde at the top to represent
the form factors associated with Bs. Hence, similar to Eq. (14), we express the form factors
for B¯s → η(′) with the flavor-singlet effects at q2 = 0 to be
f˜ η+(0) = − sin φf˜ ηs[mη ]+ (0) +
1√
3
(√
2 cos φ
fq
fK
− sin φ fs
fK
)
f˜ sing+ (0) ,
f˜ η
′
+ (0) = cosφf˜
ηs[mη′ ]
+ (0) +
1√
3
(√
2 sin φ
fq
fK
+ cosφ
fs
fK
)
f˜ sing+ (0) . (18)
For the q2-dependence form factors of f˜
ηs[m
η
(′) ]
+,T , we adopt the results calculated by the
constituent quark model (CQM) [17], given by
f˜
ηs[m
η
(′) ]
+,T (q
2) =
f˜
ηs[m
η
(′) ]
+,T (0)
1− aη(′)+,T q2/m2Bs + bη
(′)
+,T (q
2/m2Bs)
2
(19)
with f˜
ηs[mη ]
+ (0) = f˜
ηs[mη′ ]
+ (0) = f˜
ηs[mη ]
T (0) = 0.36, f˜
ηs[mη′ ]
T (0) = 0.39, a
η
+ = a
η′
+ = 0.60,
bη+ = b
η′
+ = 0.20, a
η
T = a
η′
T = 0.58 and b
η
T = b
η′
T = 0.18. By using mBs = 5.37 GeV and
Vts = −0.04 instead of mB and Vtd in Eq. (12), we present the BRs of B¯s → η(′)ℓ+ℓ− in
Table IV. We also display the BRs as functions of f˜ sing+ (0) in Fig. 2. As seen from Table IV
TABLE IV: BRs of B¯s → η(′)ℓ+ℓ− ( in units of 10−7) with φ = 39.3◦ and f˜ sing+ (0) = 0.0, 0.1 and
0.2.
f˜
sing
+ (0) 0.0 0.1 0.2
B¯s → ηℓ+ℓ− 3.71 3.27 2.84
B¯s → η′ℓ+ℓ− 3.35 5.97 9.35
and Fig. 2, due to the flavor-singlet effects, the BRs of B¯s → η′ℓ+ℓ− are enhanced and could
be as large as O(10−6) with around a factor of 3 enhancement, whereas those of B¯s → ηℓ+ℓ−
decrease as increasing f˜ sing+ (0), which can be tested in future hadron colliders.
In summary, we have studied the effects of the flavor-singlet state on the η(′) productions in
the semileptonic B decays. In terms of the constraints from the current data of B− → η(′)ℓνℓ,
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FIG. 2: (a)[(b)] BRs (in units of 10−7) of B¯s → η[′]ℓ+ℓ− as functions of f˜ sing+ (0).
we have found that the BRs of B¯d,s → η′ℓ+ℓ− could be enhanced to be O(10−8) and O(10−6),
respectively. Finally, we remark that the flavor-singlet effects could result in the BRs of the
B¯d,s → η′ modes to be larger than those of B¯ → η and the statement is reversed if the effects
are neglected.
Note added: After we presented the paper, Charng, Kurimoto and Li [18] calculated the
flavor singlet contribution to the B → η(′) transition form factors from the gluonic content
of η(
′) in the large recoil region by using the perturbative QCD (PQCD) approach. Here,
we make some comparisons as follows:
1. While Ref. [18] gives a theoretical calculation on the flavor singlet contribution to the
form factors in the PQCD, we consider the direct constraint from the experimental data.
The conclusion that the singlet contribution is negligible (large) in the B → η(′) form factors
in Ref. [18] is the same as ours. However, the overall ratios in Ref. [18] for the singlet
contributions are about a factor 4 smaller than ours. On the other hand, as stressed in
Ref. [18], they have used a small Gegenbauer coefficient, which corresponds smaller gluonic
contributions. For a larger allowed value of the the Gegenbauer coefficient in Ref. [4], the
overall ratios will be a few factors larger. In other words, the real gluonic contributions rely
on future experimental measurements.
2. Although our assumption of f singT (0) ∼ f sing+ (0) seems to be somewhat different from the
PQCD calculation as pointed out in Ref. [18] due to an additional term, the numerical
values of f sing+ (0) = 0.042 and f
sing
T (0) = 0.035 by the PQCD [18] do not change our
assumption very much. After all, as stated in point 1 that there exist large uncertainties
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for the wave functions in the PQCD. In addition, the difference actually is not important
for our results as explained in the text.
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